
MACT 4127 - Real Analysis II

Spring 2025

Homework (2)

Deadline for submission: March 13 on CANVAS.

(1) Prove (directly, without using the Lebesgue-Vitali theorem) that any
bounded function on [𝑎, 𝑏] with a countable number of points of dis-
continuity is Riemann integrable.

(2) Let 𝑓 : [𝑎, 𝑏] −→ R be a non-negative bounded function, and let

𝑆(𝑓) = {(𝑥, 𝑦) ∈ R2 : 𝑥 ∈ [𝑎, 𝑏], 0 ≤ 𝑦 ≤ 𝑓(𝑥)}.

Prove that

𝑐𝑖(𝑆(𝑓)) =

∫︁ 𝑏

𝑎

𝑓(𝑥) 𝑑𝑥, and 𝑐𝑜(𝑆(𝑓)) =

∫︁ 𝑏

𝑎

𝑓(𝑥) 𝑑𝑥.

Deduce that 𝑓 is Riemann integrable iff 𝑆(𝑓) is rectifiable.

(3) Find the inner and outer Jordan content for each of the following sets:

(i) A line segment 𝑃𝑄.

(ii) The set

𝐵 = ∪∞
𝑛=1𝑅𝑛, where 𝑅𝑛 =

[︂
1

2𝑛+1
,
1

2𝑛

)︂
×

[︀
0, 𝑛2𝑛+1

]︀
: 𝑛 ∈ N*.

(iii) The disc centered at the origin and with radius 1.

(4) Let {𝑝𝑛 : 𝑛 ∈ N*} be an enumeration of the points with rational
coordinates in R2, and let (𝑡𝑘)𝑘∈N* be a sequences of strictly positive
numbers. Define the set function:

𝜈 : 𝒫(R2) −→ R ∪ {+∞}, by 𝜈(𝐴) =
∑︁
𝑝𝑛∈𝐴

𝑡𝑛.

Examine 𝜈 for the following properties:

(i) 𝜈(𝐴) ≥ 0 for all 𝐴.

(ii) 𝜈 is monotone, i.e.

𝐴 ⊂ 𝐵 =⇒ 𝜈(𝐴) ≤ 𝜈(𝐵).



(iii) 𝜈 is additive, i.e.

𝜈(𝐴 ∪𝐵) = 𝜈(𝐴) + 𝜈(𝐵), ∀𝐴,𝐵 ⊂ R2, 𝐴 ∩𝐵 = ∅.

(iv) 𝜈 is 𝜎-additive, i.e.

𝜈(∪∞
𝑛=1𝐴𝑛) =

∞∑︁
𝑛=1

𝜈(𝐴𝑛),

for any family (𝐴𝑛)𝑛∈N* of pairewise disjoint subsets of R2


